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1 INTRODUCTION 
The numerical simulation of hydrodynamics is a very common technique for irrigation analysis, 
from conveyance networks to on-farm systems. In this paper, the application of these techniques 
to furrow irrigation fertigation is presented. The application of chemical fertilizers to surface ir-
rigated crops is often hindered by the crop canopy, which can make the use of tractors and ferti-
lizer machinery impossible. Under these circumstances, fertigation – the application of chemi-
cals in the irrigation water - becomes a practical alternative. Several authors have addressed this 
problem using simulation approaches in borders and basins (Playán & Faci, 1997; García-
Navarro et al., 2000) and in furrows (Zapata et al., 2005; Strelkoff et al., 2006). The objective of 
this paper is to simulate furrow fertigation using an infiltration equation accounting for the fur-
row wetted perimeter and incorporating the model proposed by Rutherford (1994) to describe 
the chemical dispersion coefficient. Experimental results are used to calibrate the semi-
empirical model parameters (infiltration and roughness) and to validate the proposed model. 
2 MATERIALS AND METHODS 
For the development of the furrow fertigation simulation model it was supposed that the furrow 
irrigation flow is one-dimensional and unsteady, hence governed by the St. Venant (Cunge et 
al., 1980) or one-dimensional shallow water equations that are frequently formulated as: 
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ABSTRACT: Furrow fertigation can be an advantageous practice over traditional methods for 
fertilizer application. Fertigation efficiency and uniformity are tightly related to irrigation water 
efficiency and uniformity. This work presents a simulation model of furrow fertigation that was 
calibrated and validated with experimental data. The model predicts water flow and solute 
transport throughout Saint-Venant and advection-dispersion equations. Values for the three 
semi-empirical parameters of the model were obtained through a calibration process. The model 
can reproduce water advance times, flow depths and fertilizer hydrodynamics adequately, par-
ticularly for medium and large irrigation discharges.  
where A is the transversal wetted area of the furrow, Q is the irrigation discharge, P is the wet-
ted perimeter, i is the infiltration rate, Ai is the volume of infiltrated water per unit of furrow 
length, g is the acceleration due to gravity, S0 is the bed slope and Sf is the friction slope (Cunge 
et al., 1980). The last term was modeled by the Manning equation: 
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with n Manning roughness coefficient, and finally, I1 represents the hydrostatic pressure integral 
over the wetted area:  
    h dzzhI 01   (3) 
with h representing water depth and  being the furrow width at a height z, referred to the 
bottom of the furrow section. 
Using the Kostiakov approach, the cumulative infiltration Z was computed as a function of 
two experimental parameters, K and a, dependent on soil type characteristics. These parameters 
should be calibrated with field experiments. 
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In (1), the independent variable ( is the opportunity time that corresponds to the wetted time 
of each section. This approximation could introduce serious errors when estimating the 
infiltrated volume and the advance phase, since there is no reference to the furrow wetted 
perimeter. To account for this peculiarity of furrow infiltration, the model proposed by Maikaka 
(2004) was used. In this model the infiltration rate is dependent on the furrow wetted perimeter 
(P) and on the furrow wetted area (Ai), and the opportunity time is not explicitly present: 
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where Ai represents the infiltrated area, P the wetted perimeter and P’ the furrow spacing. As 
described in Maikaka (2004), this infiltration model is based on the experimental parameters K 
and a of the traditional Kostiakov equation.  
The fertigation model is based on the following solute transport equation: 
     








x
CAK
x
PiC
x
QC
t
AC
x    PiCt

  (6) 
where C is the average solute concentration at the section,   is the solute infiltrated mass per 
unit of furrow length and xK  is the dispersion coefficient (strictly positive), accounting for 
molecular diffusion, turbulent diffusion and the discordance resulting from using the average 
section approximation. The model proposed by Rutherford (1994) was used to describe the 
dispersion coefficient:  
 fx gPASK 10  (7) 
The Saint Venant equations and the advection-dispersion equation result in a system of three 
first-order, non-linear, hyperbolic, partial derivative equations. Initial and boundary conditions 
(discharge, water depth and solute concentration) are needed to solve the governing equations. 
The initial conditions were uniform zero discharge and water depth. The transport equation was 
initialized with a solute surge distribution, rectangular in shape at the solute application point.  
The model was used to simulate water advance and solute concentration. Three semi-
empirical parameters were needed: the Manning roughness coefficient (n) and the infiltration 
parameters (K and a).  
The experimental data were taken from Zapata et al. (2005). A summary of the experimental 
layout is presented. Four isolated furrows were built using the same field machinery. The furrow 
cross-sectional geometry was hand measured, the furrow length was 100 m and the furrow spac-
ing was 1 m. Each furrow was fertigated with a different inflow discharge (1, 2, 3 and 4 L s-1; 
Q1, Q2, Q3 and Q4, respectively), the same fertilizer concentration and under free draining 
conditions. The fertilizer was applied following the same procedure for all four experiments.  
The furrows were monitored to follow the hydrodynamics of water and fertilizer during the 
furrow irrigation evaluations. Stations were marked along each furrow every 10 m. The advance 
time to each station and the evolution of the upstream flow depth were registered. In five sta-
tions - every 20 m (E20, E40, E60 and E80) - fertilizer concentration was monitored at different 
times during the irrigation event by taking water samples for laboratory analysis.  
Two of the furrow experiments (Q1 and Q4) were used for model calibration purposes; the 
other two (Q2 and Q3) were used for model validation. The calibration process pursued the 
identification of three semi-empirical parameters. The calibration consisted on simulating the 
experiments with different values of K, a and n, and comparing simulated furrow fertigation 
with the experimental measurements. The terms of comparison were irrigation advance phase, 
flow depth and fertilizer concentration at the stations. The following statistics were used for cal-
ibration purposes: the root mean square error (RMSE), the slope of the simple regression forced 
trough the origin (A) and the coefficient of determination of this regression model (R2).The val-
ues of the three parameters that better fit field observations were selected as representative of 
the experiments. These values were used to simulate the validation experiments.  
3 RESULTS AND DISCUSSION 
Comparison statistics between observed and simulated water advance fronts and water flow 
depths were presented in Table 1. The advance phase was better simulated (lower RMSE) for 
the large inflow discharges (3 and 4 L s-1). The selected semi empirical parameters (K = 0.0048 
m2s-a, a = 0.2 and n = 0.04 m-1/3 s) represent a compromise between the calibration experiments. 
The large error for the experiment of the lowest inflow discharge (Q1) can be attributed to the 
error induced by the use of the Manning equation. Manning n was only considered dependent on 
surface roughness. However, other authors (Chow, 1959; Walker & Skogerboe, 1989) pointed 
out that this coefficient also depends on flow depth. This effect is particularly relevant for small 
discharges, resulting in low flow velocity and depth. In these conditions viscosity forces com-
mence to be relevant and Manning law - based on turbulent flow – is far from being adequate.  
 
Table 1. Comparison between observed and simulated water advance fronts and upstream water depths.  
 Process Inflow discharge(L s-1) RMSE R
2 A 
Calibration 
Advance (min) 
1 212.12 0.983 1.12
4 44.07 0.998 1.08
Flow depth (mm) 
1 0.006 0.864 0.99
4 0.015 0.982 1.13
Validation 
Advance (min) 
2 85.91 0.994 0.93
3 23.49 0.997 1.01
Flow depth (mm) 
2 0.039 0.593 1.66
3 0.024 0.908 1.25
 
Figure 1 presents a comparison between observed and simulated fertilizer concentrations for 
the experiments Q1, Q2, Q3 and Q4 at fertilizer stations E20, E40, E60 and E80. Fertilizer hy-
drodynamics were satisfactory reproduced for Q2, Q3 and Q4, with Q1 showing larger errors. 
The comparison statistics between observed and simulated data (not presented) confirmed the 
graphical analysis. 
4 CONCLUSIONS 
1. The field experiments were adequate to calibrate and validate the furrow fertigation model. 
2. The infiltration process has been modeled following Maikaka (2004). This approach relates 
the infiltration parameters to the wet area.   
3. The largest differences between observed and simulated process were obtained for the lower 
inflow discharge experiment. The Manning law approach can introduce serious error when 
the discharge is small since the viscosity forces may be relevant. This subject needs to be 
studied in further research. 
4. Solute diffusion was been modeled following Rutherford (1994) obtaining very reasonable 
results. 
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Figure 1. Observed (symbols) and simulated (lines) fertilizer concentration at each fertilizer station for  
the furrow experiments as a function of time. 
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